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§0 Introduction
The main question here is the possible generalization of the following theorem
on “simple” equivalence relation on ω2 to higher cardinals.
0.1 Theorem. 1) Assume that
(a) E is a Borel 2-place relation on ω2
(b) E is an equivalence relation
(c) if η, ν ∈ ω2 and (∃!n)(η(n) 6= ν(n)), then η, ν are not E-equivalent.
Then there is a perfect subset of ω2 of pairwise non E-equivalent members.
2) Instead of “E is Borel”, “E is analytic (or even a Borel combination of analytic
relations)” is enough.
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2 SAHARON SHELAH
3) If E is a π12 relation which is an equivalence relation satisfying clauses (b) + (c)
in VCohen, then the conclusion of (1) holds.
See [Sh 273], it was used to prove a result on the homotopy group: if X is Hausdorff
metric, compact, separable, arc-connected, locally arc-connected and the homotopy
group is not finitely generated then it has cardinality continuum; the proof of 0.1
used forcing in [Sh 273], see [PaSr98] for eliminating the forcing.
We may restrict E to be like rp(Ext(G,Z)) or just closer to group theory as in
Grossberg Shelah [GrSh 302], [GrSh 302a], Mekler Roslanowski Shelah [MRSh 314],
[Sh 664]. In §5 we say somewhat more.
We here continue [Sh 664] but do not rely on it.
Turning to λ2 the problem split according to the character of λ and the “simplic-
ity” of E. If E is π11 and λ = λ
<λ and λ ≥ iω (or just (Dl)λ holds) a generalization
holds. If E is Σ11, λ = λ
<λ the generalization in general fails; all this in §1. Now
if λ is singular, strong limit for simplicity, it is natural to consider cf(λ)λ instead of
λ2. If λ has uncountable cofinality we get strong negative results in §2. If λ has
countable cofinality, and is the limit of “somewhat large cardinals”, e.g. measurable
cardinals, (but λ = ℵω may be O.K., i.e. consistently) the generalization holds (in
§3), but if the universe is closed to L (e.g. in L there is no weakly compact or just
no Erdos cardinal) then we get negative results (see §4). Note that theorems of the
form “if E has many equivalence classes it has continuum” do not generalize well,
see [ShVs 719] even for weakly compact.
0.2 Definition. For a cardinal λ and let Bλ be
λ2 (or λλ or cf(λ)λ).
1) For a logic L we say that E is a L -nice, say 2-place for simplicity, relation on B
if there is a model M with universe λ and finite vocabulary τ , and unary function
symbols F1, F2 /∈ τ (denoting possibly partial unary functions), such that letting
τ+ = τ ∪ {F1, F2}, for some sentence ψ = ψ(F1, F2) in L(τ) we have
⊚ for any η1, η2 ∈ B letting Mη1,η2 = (M, η1, η2) be the τ
+-model expanding
M with F
Mη1,η2
ℓ = ηℓ we have
η1Eη2 ⇔ (M, η1, η2) |= ψ.
We may write M |= ψ[η1, η2] and ψ[η1, η2,M ] or ψ(x, y,M) or write a ⊆ λ
coding M instead of M .
2) E is a π11-relation on B means that above we allow ψ to be of the form (∀X)ϕ, ϕ
first order or even inductive logic (i.e. we have variables on sets and are allowed to
form the first fix point); X vary on sets. Similarly Σ11, π
1
2, projective; writing nice
means L is first order + definition by induction. We may write niceB,Σ
1
1[B] etc,
and may replace B by λ if B = Bλ. We write very nice for L -nice, L first order.
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Notation:
(∀∗i < δ) means “for every large enough i < δ”.
Jbdδ is the ideal of bounded subsets of δ.
0.3 Definition. Let (Dℓ)λ means that λ is regular, uncountable and there is P¯ =
〈Pα : α < λ〉 such that Pα is a family of < λ subsets of α and for every X ⊆ λ
the set {δ < λ : X ∩ δ ∈ Pδ} is stationary; hence λ = λ
<λ. [By [Sh 460],
λ = λ<λ ≥ iω ⇒ (Dℓ)λ and (by Kunen) λ = µ
+ ⇒ (Dℓ)λ ≡ ♦λ].
0.4 Definition. Q ⊆ λ2 is called perfect or λ-perfect if:
(a) A 6= ∅
(b) if η ∈ A then {ℓg(η ∩ ν) : ν ∈ A\{η}} ⊆ λ is unbounded
(c) {η ↾ ζ : η ∈ A, ζ ≤ λ} is closed under the union of ⊳-increasing sequences.
Equivalently, Q = 〈ρη : η ∈
λ2〉 such that
(a)′ ρη ∈
λ2
(b)′ η1 6= η2 ∈
λ2⇒ ρη2 6= ρη2
(c)′ if η0, η1, η2 ∈
λ2 are distinct and if η1 ∩ η2 ⊳ η1 ∩ η0 (so η1 ∩ η2 6= η1 ∩ η0)
then ρη1 ∩ ρη2 ⊳ ρη1 ∩ ρη0 and ρη1(ℓg(ρη1 ∩ ρη2)) = η1(ℓg(η1 ∩ η2)).
Note
0.5 Fact. 1) If λ = λ<κ and E is L (induction)-nice then E is Lλ+,κ-nice.
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§1
We here continue [Sh 664, §2], the theorem and most proofs can be read without
it. The claims below generalize [Sh 273].
1.1 Claim. Assume
⊠1(a) λ = λ
<λ and λ ≥ iω or just (Dl)λ (see 0.3)
(b) E is a nice 2-place relation on λ
(c)(α) E is a equivalence relation on λ2
(β) if η, ν ∈ λ2 and (∃!α < λ)(η(α) 6= ν(α)) then ¬ηEν.
Then E has 2λ equivalence classes, moreover a perfect set of pairwise non E-
equivalent members of λ2.
Proof. Note that
⊛ of P is a λ-complete forcing (or just λ-strategically complete) then P
“clauses (c), (α), (β) are still true”.
So we can apply 1.2 below. 1.1
A relative is
1.2 Claim. Assume
⊠2(a), (c) as in ⊠1
(b) is π11 [λ] 2-place relation on
λ2, say defined by (∃z)ϕ(x, y, z, a¯)
see Definition 0.2
(c)+ = (c)+Cohen if P = (
λ>2, ⊳), i.e. λ-Cohen then in V P
clauses (c) still hold.
Proof. Stage A: Let (η0, η1) ∈
λ2 × λ2 be generic over V for the forcing Q =
(λ>2)×(λ>2). Now do we have V[η0, η1] |= “η0Eη1”? If so, then for some (p0, p1) ∈
(λ>2) × (λ>2) we have (p0, p1) Q “η
˜
0Eη
˜
1”, let α < λ be > ℓg(p0), ℓg(p1) and by
clause (c)+(β) in V[η0, η1] we can find η
′
1 ∈
λ2 such that η11 ↾ α = η1 ↾ α, and
for some β ∈ (α, λ), η′1 ↾ [β, λ) = η1 ↾ [β, λ), (here β = α + 1 is O.K.) and
V[η0, η1] |= ¬η
′
1Eη1.
So V[η0, η1] |= “¬η0Eη
′
1” (again as in V[η0, η1], E is an equivalence relation
by clause (c)+ and V[η0, η1] |= “η0Eη1”). Also (η0, η
′
1) is generic over V for
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(λ>2)× (λ>2) with (p0, p1) in the generic set and V[η0, η1] = V[η0, η
′
1] so we get a
contradiction to (p0, p1)  “¬η
˜
0 ∈ η
˜
1”. Hence
⊛1 (λ>2)×(λ>2) “¬(η
˜
0Eη
˜
1)”.
Stage B:
Let χ be large enough and let N ≺ (H (χ),∈) be such that ‖N‖ = λ,N<λ ⊆ N
and the definition of E belongs to N . Note that
⊛2 if (η0, η1) ∈ (
λ2) × (λ2) (and is in V) and N [η0, η1] |= “¬η0Eη1”, then
¬η0Eη1.
[Why? As E is π11 , in N [η0, η1] there is a witness ∈
λ2 for failure, and it
also witnesses in V that ¬η0Eη1.]
Clearly to finish proving 1.1, it suffices to prove
1.3 Subclaim. 1) Assume λ = λ<λ and (Dl)λ.
If H (λ) ⊆ N,N<λ ⊆ N, ‖N‖ = λ and N |= ZFC−, then there is a perfect
Q ⊆ λ>2 such that for any η0 6= η1 from Q the pair (η0, η1) is generic over N for
[(λ2)× (λ>2)]N .
2) Assume λ = λ<λ and there is a tree with λ levels each of cardinality < λ and 2λ
λ-branches. Then for some X ⊆ λ2, |X | = 2λ and η0 6= η1 ∈ X ⇒ (η0, η1) generic
over N for (λ>2)× (λ>2).
Proof. 1) Let 〈Pα : α < λ〉 be such that Pα ⊆ P(α), |Pα| < λ, and for every
X ⊆ λ the set {α : X ∩ α ∈ Pα} is stationary. So by coding we can find P
′
α ⊆
{(η0, η1) : η0, η1 ∈
α2} of cardinality < λ such that for every η0, η1 ∈
λ2 the set
{α < λ : (η0 ↾ α, η1 ↾ α) ∈ P
′
α} is stationary. Lastly, let 〈Iα : α < λ〉 list the dense
open subsets of (λ>2)× (λ>2) which belongs to N . Now we define by induction on
α < λ, 〈ρη : η ∈
α2〉 such that:
(a) ρη ∈
λ>2
(b) β < ℓg(η)⇒ ρη↾β ⊳ ρη
(c) ρηˆ〈ℓ〉 ⊳ ρηˆ〈ℓ〉
(d) if (η0, η1) ∈ P
′
α, ℓ0 < 2, ℓ1 < 2 then (ρη0ˆ〈ℓ0〉, ρη1ˆ〈ℓ1〉) ∈
⋂
β≤α
Iβ.
There is no problem to carry the definition (using |P ′α| < λ = cf(λ)) and {
⋃
α<λ
ρη↾α :
η ∈ λ2} is a perfect set as required.
2) Easier as we can assume that such a tree belongs to N . 1.3,1.2
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1.4 Claim. 1) In 1.1, 1.2 we can weaken clause (β) (in (c), (c)+, call it (c)−, (c)±
respectively) to
(β)− if η ∈ λ2, α < λ then for some β ∈ (α, λ) and ρ ∈ [α,β)2 we have
¬ηE((η ↾ α)ˆρˆη ↾ [β, λ)).
2) In 1.1, 1.2 and in 1.4(1) for any ε∗ ≤ λ we can replace E by 〈Eε : ε < ε
∗〉,
each Eε satisfying clauses (b) and (c), (c)
+, (c)−, (c)± there respectively and in the
conclusion:
(∗) there is a λ-perfect Q such that
(α) Q = 〈ρη : η ∈
λ2〉 and
(β) if η1 6= η2 are from
λ2 then ρη1 6= ρη2 and ε < ε
∗ ⇒ ¬(ρη1Eβρη2)
(γ) for η ∈ λ2 the set {ℓg(ρη ∩ ρν) : ν ∈
λ2\{η}} is a closed unbounded
subset of λ.
3) In 1.2, 1.4(1),(2) we can weaken (c)+ or (c)± to
(∗) for a stationary set of N ∈ [H (λ+)]λ there is (in V) η ∈ λ2 which is Cohen
over N such that π11 [λ] sentences are absolute from N [η] to V (for Σ
1
1[λ]
sentences this is necessarily true and clause (c) (or (c)−) holds.
Proof. The same as the proof of 1.1.
Now we would like not to restrict ourselves to π11 [λ] equivalence relations.
1.5 Claim. 1) Assume
(a) λ = λ<λ, µ ≤ 2λ
(b) E is a π12 [λ] 2-place relation on
λ2, say definable by (∀z1)(∃z2)ϕ(x, y, z1, z2, a)
(c)(α) E is an equivalence relation on λ2
(β) if η, ν ∈ λ2 and (∃!α < λ)(η(α)) 6= ν(α)) then ¬(ηEν)
(c)+ if η ∈ λ2 is generic over V for (λ>2, ⊳), i.e. is Cohen then in V[η], clause
(c) still holds
(note that for ρ1, ρ2 ∈ (
λ2)V anyhow V |= “ρ1Eρ2”⇔ V[η] |= “ρ1Eρ2”)
(d) for every A ⊆ λ and χ > 2λ there are N, 〈ρε : ε < µ〉 such that
(i) N ≺ (H (χ),∈), N<λ ⊆ N, ‖N‖ = λ,A ∈ N
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(ii) ρε ∈
λ2 and [ε < ζ ⇒ ρε 6= ρε]
(iii) for ε 6= ζ, (ρε, ρζ) is generic over N for (
λ>2× λ>2)
(iv) π11 [λ] formulas are preserved from N [ρε, ρζ ] to V for ε < ζ < µ.
Then E has ≥ µ equivalence classes.
2) We can replace ≥ µ by “perfect” in the conclusion if in (c), {ρε : ε < µ} ⊆
λ2 is
perfect [see 0.4].
3) We can replace λ>2 by T ⊆ λ>2 subtree such that forcing with T adds no
bounded subset to λ.
Proof. By [Sh 664, 2.2t].
1.6 Definition. Clause (d) of 1.5 is called “λ is [λ, µ)-w.c.a.” (as in [Sh 664, 2.1t]’s
notation).
1.7 Claim. We can strengthen 1.5 just as 1.4 strenghthens 1.1.
We may wonder when does clause (d) of 1.5 holds.
1.8 Claim. 1) Assume
(i) λ = λ<λ in V
(ii) P is a forcing notion
(iii) 〈η
˜
ε : ε < µ〉 is a sequence of P-names,
(iv) P “η
˜
ζ 6= η
˜
ε ∈
λ2 for ε < ζ < µ”
(v) if A ⊆ λ, p ∈ P, χ large enough then there are N ≺ (H (χ),∈), ‖N‖ =
λ,N<λ ⊆ N, {A, p} ∈ N and q such that p ≤ q ∈ P, q is (N,P)-generic,
q  “(λ>2)V
P
⊆ N [G
˜
P]” and P
′ ⋖ P such that q P “for some u ∈ [µ]
µ,
for every ε 6= ζ from u, (η
˜
ε, η
˜
ζ) is generic over N [G
˜
P′ ] for (
λ>2 × λ>2)V
P
and the forcing P/(P + η
˜
ε + η
˜
ζ) is λ-complete (or at least λ-strategically
complete).
Then λ is (λ, µ)-c.w.a. (see 1.6) in the universe VP.
Proof. Straightforward.
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§2 Singulars of uncountable cofinality
In this section we show that usually generalization of 0.1 probably fail badly for
cf(λ)λ, λ singular of uncountable cofinality.
2.1 Claim. 1) For every λ strong limit singular we can find a very nice equivalence
relation E on λ2 such that:
(a) E has exactly two equivalence classes
(b) if η, ν ∈ λ2 and (∃!i)(η(i) 6= ν(i)), then ¬(ηEν).
2) For every finite abelian group H and aα ∈ H for α < λ, we can find a very
nice equivalence relation E on λ2 with |H|-equivalence classes such that the E-
equivalence classes can be listed as 〈Xb : b ∈ H〉 and
(c) if η0, η1 ∈
λ2, η0(i) = 0, η1(i) = 1, (∀j)[j 6= i ⇒ η(j) = ν(j)] and ηℓ ∈ Xbℓ
then H |= “b1 − b0 = ai”.
2.2 Remark. 1) In part (2) we can look at λH getting a similar result.
Proof. Use [Sh 664, §2].
2.3 Claim. Assume
(a) λ > κ = cf(λ) > ℵ0
(b) 2κ + λ<κ = λ.
Then there is E such that
(α) E is an equivalence relation on κλ
(β) E is very nice (see Definition 0.2)
(γ) if η1, η2 ∈
κλ and (∀∗i < κ)(η1(i) = η2(i)) then η1Eη2 ⇔ η1 = η2
(δ) E has exactly λ equivalence classes.
2.4 Observation. In 2.3, and in the rest of this section: (of course, we have to
translate the results we leave it as an exercise to the reader).
1) We can restrict ourselves to
∏
i<κ
λi, λi < λ =
∑
j<κ
λj , see the proof.
2) We can consider κλ as a subset of λ2, in fact a very nice one:
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we identify η ∈ κλ with νη ∈
κ2 when νη(i) = 1 ⇔ i ∈ {pr(ζ, η(ζ)) : ζ < κ} for
any choice of a pairing function pr, in fact, any one to one pr:κ× λ→ λ is O.K.
3) If λ is strong limit we can identify
∏
i<κ
λi with
λ2 as follows: without loss of generalityλi =
2µi with µi increasing, let 〈g
i
ε : ε <
µi2〉 list the functions from [
⋃
j<i
µj , µi) to {0, 1}
and we identify η ∈
∏
i<κ
λi with
⋃
i<κ
giη(i) ∈
λ2.
4) We can identify any
∏
i<κ
λi with
κλ when λi ≤ λ =
∑
i<κ
λi = lim sup〈λi : i < κ〉
by identifying η ∈
∏
i<κ
λi with νη ∈
κλ such that 1 + νη(ε) = η(ζ) when η(ζ) >
0, ε = otp{ξ < ζ : η(ξ) > 0}.
Proof. We choose λ¯ = 〈λi : i < κ〉, nondecreasing i < j ⇒ λi ≤ λj with limit λ,
(e.g. λi = λ) let µj =
∏
i<j
λi so µj ≤ λ and let f¯
i = 〈f iα : α < µi〉 list
∏
j<i
λj or just
a set of representatives of
∏
j<i
λj/J
bd
i .
For every η ∈ κλ let
(a) for limit i < κ let αi(η) = Min{α : η ↾ i = f
i
α mod J
bd
i }
(b) for ε < κ let Bε(η) = {i : i < κ is a limit ordinal, ε < i and f
i
αi(η)
(ε) = η(ε)}
and lastly
(c) A(η) = {ε < κ : Bε(η) is not stationary}.
Now we define two binary relations E0, E1 on
κλ:
(d) η1E0η2 iff for every ε < κ we have Bε(η1) = Bε(η2) mod Dκ, where Dκ is
the club filter on κ
(e) η1E1η2 iff η1E0η2 & η1 ↾ A(η1) = η2 ↾ A(η2).
Clearly
(α) E0 is an equivalence relation on
κλ with ≤ 2κ < λ classes
(β) E1 is an equivalence relation on
κλ, refining E0
(γ) E0, E1 are very nice
(δ) if η1, η2 ∈
κλ and η1E0η2 then A(η1) = A(η2)
(ε) for η ∈ κλ,A(η1) is a bounded subset of κ
[why? otherwise let C = {δ < κ : δ = sup(A(η1)∩ δ)}, it is a club of κ, and
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for each i ∈ C there is ji < i such that η ↾ [ji, i) = f
i
αi(η)
↾ [ji, i), clearly
ji exists by the defintion of αi(η). By Fodor lemma, for some j(∗) < κ the
set Sj(∗) = {i ∈ C : ji = j(∗)} is stationary, now choose ε ∈ A(η)\j(∗), so
clearly Bε(η) includes Sj(∗) hence is a stationry subset of κ hence by the
definition of A(η) clearly ε does not belong to A(η), contradiction.]
So clearly
(ζ) E1 has ≤ (
κλ/E0) + Σ{
∏
j<i
λj : i < κ} ≤ λ equivalence class.
Now
(η) if η1, η2 ∈
κλ and η1 = η2 mod J
bd
κ then for every limit i < κ large enough
we have αi(η1) = αi(η2)
[why? let i∗ = sup{j + 1 : η1(j) 6= η2(j)} so by the assumption, if i limit
& i ∈ (i∗, κ) then η1 ↾ i = η1 ↾ i mod J
bd
i hence αi(η1) = αi(η2) by the
definition of αi(−), which is the desired conclusion of (η).]
(θ) if η1, η2 ∈
κλ and η1 = η2 mod J
bd
κ then η1E1η2 ⇔ η1 = η2
[why? if η1 = η2 clearly η1E1η2; so assume η1E1η2 and we shall show that
η1 = η2, i.e. ε < κ ⇒ η1(ε) = η2(ε). By the definition of E1 we have
η1E0η2 hence by clause (δ) we have A(η1) = A(η2), call it A. If ε ∈ A, by
the definition of E1 we have η1 ↾ A = η2 ↾ A hence η1(ε) = η2(ε). So assume
ε ∈ κ\A, first we can find j∗ < κ such that for every limit i ∈ (j∗, κ) we
have αi(η1) = αi(η2), it exists by clause (η). Second, then Bε(η1), Bε(η2)
are stationary (as ε /∈ A(ηℓ)) and equal modulo Dκ (as η1E0η2); so we
can find i ∈ Bε(η1) ∩ Bε(η2) which satisfy i > j
∗. Now η1(ε) = f
i
αi(η1)
(ε)
by the definition of Bε(η1) as i ∈ Bε(η1) and αi(η1) = αi(η2) as i > j
∗
and f iαi(η2)(ε) = η2(ε) by the definition of Bε(η2) as i ∈ Bε(η1); together
η1(ε) = η2(ε). So we have completed the proof that ε < κ⇒ η1(ε) = η2(ε)
thus proving η1 = η2 as required.]
(ι) E1 has ≥ λi equivalence classes for any i < κ
[why? let η∗ ∈ κλ and for α < λi let η
∗
α ∈
κλ be defined by η∗α(ε) is α if
ε = i and is η∗(ε) otherwise. By clause (θ) we have α < β < λi ⇒ ¬η
∗
αE1η
∗
β ,
hence |κλ/E1| ≥ λi.]
(κ) E1 has exactly λ equivalence classes
[why? by clause (ι), E1 has ≥ sup{λi : i < κ} = λ equivalence classes and
by clause (ζ) has ≤ λ equivalence classes.] 2.3
2.5 Claim. Assume
(a) λ > κ = cf(λ) > ℵ0
(b) 2κ + λ<κ = λ
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(c) λ ≤ θ ≤ λκ.
Then there is E such that
(α) E is an equivalence relation on κλ
(β) E is very nice
(γ) if η1, η2 ∈
κλ and η1 = η2 mod J
bd
κ then η1Eη2 ⇔ η1 = η2
(δ) E has θ equivalence classes.
Proof. We can find a tree T ⊆ κλ with λ nodes and exactly θ κ-branches ([Sh
262]); we can easily manage that η 6= ν ∈ limκ(T )⇒ (∃
κi < κ)(η(i)) 6= ν(i)). We
proceed as in the proof of 2.3, but in the definition of E1 we add
η1 ∈ limκ(T ) ≡ η2 ∈ limκ(T ) & (η1 ∈ limκ(T )→ η1 = η2).
2.5
2.6 Claim. In Claim 2.3 we replace clause (γ) by
(γ)1 for every η
∗ ∈ κλ, the set {η ∈ κλ : η = η∗ mod Jbdκ } is a set of representa-
tives for the family of E-equivalence classes.
Proof. Let λ¯ be as there.
Let Ki be an additive group, with set of elements λi and zero 0Ki . Let <
∗ be a
well ordering of κ(P(κ)).
For every η ∈
∏
i<κ
λi let
Ξη = {〈Bε(ν) : ε < κ〉 : ν ∈
∏
i<κ
λi and ν = η mod J
bd
κ }
so it is a nonempty subset of κ(P(κ)) and let B¯∗η be its <
∗-first member and let
Θη = {ν ∈
∏
i<κ
λi : Bε(ν) = B
∗
η,ε for every ε < κ and ν = η mod J
bd
κ }.
Now note
(∗)0 Θη 6= ∅ so B¯
∗
η is well defined for η ∈
∏
i<κ
λi
(∗)1 if ν ∈ Θη then for every limit i < κ large enough we have αi(ν) = αi(η)
(∗)2 if ν1, ν2 ∈ Θ and ε < κ, then for every limit i large enough we have:
f iαi(ν1)(ε) = f
i
αi(ν2)
(ε).
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Now for η ∈
∏
i<κ
λi we define ρη ∈
∏
i<κ
λi by
ρη(ε) is :f
i
αi(η)
(ε) for every i ∈ B∗ε
large enough if B∗η,ε is stationary
0Ki if B
∗
ε is not stationary.
It is easy to see that
(∗)3 if ν ∈ κλ then ρη(ε) = η(ε) for every ε < κ large enough hence
(∗)4 ρη = η mod J
bd
κ
(∗)5 if η1, η2 ∈
∏
i<κ
λi and η1 = η2 mod J
bd
κ then ρη1 = ρη2 .
Lastly, we define the equivalence relation E:
for η1, η2 ∈
∏
i<κ
λi we define:
η1Eη2 iff (for every i < κ we have Ki |= “η1(i)− ρη1(i) = η2(i)− ρη2(i)”).
Now check. 2.6
We may like to weaken the cardinal arithmetic assumptions.
2.7 Claim. Assume
(a) λ > κ = cf(λ) > ℵ0
(b) κℵ0 < λ = λℵ0 .
Then the results 2.3, 2.6 and 2.5 (if there is a tree T with λ nodes and κ-branches)
holds if we replace the ideal Jbdκ by the ideal [κ]
<ℵ0 .
Proof. Without loss of generality λi > κ
ℵ0 , 〈λi : i < κ〉 as in 2.3. Let 〈Di : i < κ
ℵ0〉
list the subsets of κ of order type ω and let f¯ i = 〈f iα : α <
∏
j∈Di
λj〉 list
∏
j∈Di
λj .
For η ∈
∏
ε<κ
λε let αi(η) = Min{α : η ↾ Di = f
i
α mod J
bd
Di
}. With those choices the
proofs are similar, we write below the proof of the parallel of 2.3.
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Define a two place relation E∗ on
∏
ε<κ
λε : ηEν iff (∀i < κ
ℵ0)(αi(η) = αi(ν)).
Clearly E∗ is a very nice equivalence relation and ηE∗ν iff (η, ν ∈
∏
ε<κ
λε and
{ε : η(ε) 6= ν(ε)} is finite). For η ∈
∏
ε<κ
λε let Aη,ε = {f
i
αi(η)
(ε) : i < κℵ0 and
ε ∈ Di} and let γη,ε be 0 if η(ε) ∈ Aη,ε and η(ε) − sup(Aη,ε ∩ η(ε)) otherwise
stipulating α− β = 0 if α ≤ β. Lastly, ηEν iff (∀ε)(γη,ε ≡ γν,ε). 2.7
2.8 Claim. 1) If 2κ < λ = λℵ0 ,ℵ0 < κ = cf(λ) < λ, then we can find E as in
2.3(α), (β) (but not (γ)) and
(γ)∗ if η ∈ κλ and i < κ then Xα,i = {ν ∈
κλ : (∀j)(j < κ & j 6= i → ν(j) =
η(j)} is a set of representations for E.
2) If 2κ ≤ λ = λℵ0 ,ℵ0 < κ = cf(λ) < λ, 1 ≤ θ ≤ λ, then we can find E as in
2.3(α), (β) and
(γ)∗ if η ∈ κλ and i < κ then Xα,i contains a set of representations
(δ)∗ E has θ equivalence classes.
Proof. 1) We let K be an abelian group with universe λ and in the proof of 2.6,
define ρη such that η = ρη mod [κ]
<ℵ0 and let aη = {i < κ : η(i) 6= ρη(i)} ∈ [κ]
<ℵ0
and define E by: ηEν iff K |=
∑
i∈aη
η(i)− ρη(i) =
∑
i∈aν
ν(i) − ρν(i).
2) Similar but we use equality inK/K1, K1 a subgroup ofK such that (K : K1) = θ.
3.5
2.9 Concluding Remark. Instead 〈JbdDi : i < κ
ℵ0〉 we can use 〈(Di, Ji) : i < i
λ¯〉, Di ⊆
κ, Ji an ideal on Di such that |
∏
ε∈Di
λε/Ji| ≤ λ, I = {D ⊆ κ: for every i < i
∗ we
have D ∩Di ∈ Ji} is included in J
bd
κ .
Have not pursued this.
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§3 Countable cofinality: positive results
We first phrase sufficient conditions which related to large cardinals. Then we
prove that they suffice. The proof of 3.1 is later in this section.
3.1 Lemma. Assume
(a) λ is strong limit of cofinality ℵ0
(b) λ is a limit of measurables, or just
(b)− for every θ < λ for some µ, χ satisfying θ ≤ µ ≤ χ < λ, there is a (χ, µ, θ)-
witness (see Definition 3.2 below)
(c) E is a nice equivalence relation on ωλ (or has enough absoluteness, as proved
in 3.11)
(d) if η, ν ∈ ωλ and (∃!n)(η(n) 6= ν(n)) then ¬(ηEν).
Then E has 2λ equivalence classes, moreover if λn < λn+1 < λ = Σn<ω λn then
there is a subtree of ω>λ isomorphic to
⋃
m
∏
n<m
λn, with the ω-branches pairwise
non E-equivalent (even somewhat more, see 3.15).
3.2 Definition. 1) We say (Q, Is1,s22 ) is a (λ, µ, θ)-witness if (λ ≥ µ ≥ θ and):
(a) Q is a θ-complete forcing notion
(b) s1 is a function from Q to P(λ)\{∅}
(c) s2 is a function from Q to {A : A ⊆ {(α, β) : α < β < λ}}
(d) if Q |= p ≤ q then sℓ(q) ⊆ sℓ(p) for ℓ = 1, 2
(e) (α, β) ∈ s2(p)⇒ {α, β} ⊆ s1(p)
(f) for every p ∈ Q there is q such that p ≤ q ∈ Q and
(∀β)(∃α, γ)[β ∈ s1(q)→ (α, β) ∈ s2(p) & (β, γ) ∈ s2(p)]
(g) if p ∈ Q and A ⊆ λ × λ, then for some q we have p ≤ q ∈ Q and s2(p) ⊆
A ∨ s2(p) ∩ A = ∅
(h) if p ∈ Q then for some Y ∈ [λ]µ for every α < β from Y we have (α, β) ∈
s2(p).
2) We say (Q, s1, s2) is a (λ, µ, θ, ̺)-witness if we can strengthen clause (g) to
(g)+ if f : 2λ→ ̺ and p ∈ Q then for some q we have p ≤ q ∈ Q and f ↾ s2(q) is
constant.
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3) We call (Q, s1, s2) uniform if λ =: ∪{s1(p) : p ∈ Q} is a cardinal and for every
p ∈ Q and α < λ for some q we have p ≤ q ∈ Q and s1(q) ∩ α = ∅.
4) We replace ̺ by < ̺ if in clause (g)+, Rang(f) is a subset of ̺ of cardinality
< ̺.
3.3 Definition. 1) We say that (Q, s¯) is a (λ, µ, θ, ̺;n)-witness if λ ≥ µ ≥ θ, λ ≥ ̺
and s¯ = 〈sm : m = 1, . . . , n〉 and
(a) Q is a θ-complete forcing
(b) sm is a function from Q to P({α¯ : α¯ = 〈αℓ : ℓ < m〉, αℓ < αℓ+1 for
ℓ < m− 1})
(c) if Q |= p ≤ q and m ∈ {1, . . . , n} then sm(p) ⊆ sm(q)
(d) if 〈αℓ : ℓ < m+ 1〉 ∈ sm+1(p) and k < m+ 1 then
〈αℓ : ℓ < k〉ˆ〈αℓ : ℓ = k + 1, . . . , m〉 ∈ sm(p)
(e) for everym ∈ {1, . . . , n−1}, k < m and p ∈ Q there is q satisfying p ≤ q ∈ Q
and (∀α¯ ∈ sm(q))(∃β¯ ∈ sm+1(p))[α¯ = (β¯ ↾ k)ˆ(β¯ ↾ [k + 1, m))]
(f)+ if m ∈ {1, . . . , n} and f : mλ → ̺ and p ∈ Q then for some q we have
p ≤ q ∈ Q and f ↾ sm(q) is constant
(g) if p ∈ Q then for some Y ∈ [λ]µ every increasing α¯ ∈ nY belongs to sn(p).
2) (Q, s¯) is a (λ, θ, ̺;ω)-witness is defined similarly (using sm for m ∈ [1, ω)).
3) If ̺ = 2 we may omit it, also in Definition 3.2. Also “uniform” and “< ̺” means
as in Definition 3.2.
3.4 Claim. 1) If (Q, s1, s2) is a (λ, µ, θ;n)-witness and ̺ < θ, n < ω, then (Q, s1, s2)
is a (λ, µ, θ, 2̺;n)-witness.
2) If D is a normal ultrafilter on λ so λ is measurable, Q = (D ,⊇), s1(A) =
A, s2(A) = {(α, β) : α < β are from A}, then (Q, s1, s2) is a uniform (λ, λ, λ)-
witness.
3) If in (2), sm(A) = {α¯ : α¯ = 〈αℓ : ℓ < m〉 is increasing, αℓ ∈ A}, s¯ = 〈sm+1 :
m < n〉 and n ≤ ω then (Q, s¯) is a (λ, λ, λ, < λ;n)-witness.
4) If there is a (λ, µ, θ;n)-witness and 2<θ ≤ λ, then there is such (Q, s¯) with
|Q| ≤ 2λ.
5) Definition 3.2(1) is the case n = 2 of Definition 3.3(1).
Proof. Easy.
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3.5 Claim. 1) Assume
(a) 2 ≤ n < ω, λ = in−1(θ)
+
(b) θ is a compact cardinal or just a λ-compact cardinal
(c) µ = µ<µ < θ
(d) P = Levy(µ,< θ).
Then in V P, there is a (λ, µ, θ;n)-witness (Q, s¯).
2) If there are λn for n < ω, λn < λn+1 and λn is 2
(2λn)+-compact, then for some
set forcing P in V P the cardinal λ = iω = ℵω is dichotomically good (see Definition
3.7 below).
Proof. By [Sh 124].
Toward proving Lemma 3.1 assume (till the end of this section) that
3.6 Hypothesis. λ =
∑
λn,
∑
ℓ<n
2λℓ < θn ≤ λn and (Pn, sn,1, sn,2) is a (λn, µ
+
n , θn)-
witness and for simplicity µn < µn+1, λ =
∑
n
µn.
3.7 Definition. We call λ dichotomically good if there are λn, µn, θn,Pn, sn,1, sn,2
as in 3.6.
3.8 Definition. 1) We define the forcing notion Q1
(a) Q1 =
{
p : p = (η, A¯) = (ηp, A¯p) such that letting n(p) = ℓg(η)
we have np < ω, ηp ∈
∏
ℓ<n[p]
λℓ and
A¯p = 〈Apℓ : ℓ ∈ [n(p), ω)〉 and A
p
ℓ ∈ Pℓ
}
(b) p ≤Q1 q iff η
p E ηq, n(p) ≤ η(q), ℓ ∈ [n(q), ω) ⇒ Pℓ |= “A
p
ℓ ≤ A
q
ℓ” and
n(p) ≤ ℓ < n(q)⇒ ηq(ℓ) ∈ s1(A
p
ℓ )
(c) We define the Q1-name η
˜
by: η
˜
[G] = ∪{ηp : p ∈ G
˜
Q1}
(d) We define
(α) p ≤Q1pr q iff p ≤Q1 q & n(p) = n(q)
(β) p ≤Q1apr q iff p ≤Q1 q &
∧
ℓ≥n(q)
Aqℓ = A
p
ℓ
(γ) p ≤Q1pr,n q iff p ≤
Q1
pr q and A¯
p ↾ [n(p), n(q)) = A¯q ↾ [n(p), n(q)).
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2) We define the forcing notion Q2 by:
(a) Q2 =
{
p : p = (η0, η1, A¯) = (η
p
0 , η
p
1 , A¯
p) where for some n(p) < ω we have:
ηp0 , η
p
1 ∈
∏
ℓ<n[p]
λℓ, A¯
p = 〈Apℓ : ℓ ∈ [n(p), ω)〉 and A
p
ℓ ∈ Pℓ
}
(b) p ≤Q2 q iff
(i) n(p) ≤ n(q)
(ii) ηpℓ E η
q
ℓ for ℓ = 0, 1
(iii) Aqℓ ⊆ A
p
ℓ for ℓ ∈ [n(q), ω)
(iv) the pair (ηp0(ℓ), η
p
1(ℓ)) is from s2(A
p
ℓ ) for ℓ ∈ [n(p), n(q))
(c) we define1 the Q2-name η
˜
ℓ (for ℓ = 0, 1) by η
˜
ℓ[G] = ∪{η
p
ℓ : p ∈ G˜ Q2
}
(d) we define
(α) p ≤Q2pr q iff p ≤Q1 q & n(p) = n(q) and
(β) p ≤Q2apr q iff p ≤Q2 q &
∧
ℓ≥n(q)
Aqℓ = A
p
ℓ and
(γ) p ≤Q2pr,n q iff p ≤
Q2
pr q and A¯
p ↾ [n(p), n) ≡ A¯q ↾ [n(p), n).
3) If for a fix k < ω, we have (Pn, s¯
n) is a (λn, µn, θn; k)-witness for n < ω then we
can define Qℓ for ℓ = 1, . . . , k naturally.
4) If (Pn, s¯
n) is a (λn, µn, θn;n)-witness for n < ω then we can define Q = {(η0, A¯) :
n < ω, η(ℓ) ∈ ℓ(λℓ)} is increasing, A¯ = 〈Aℓ : ℓ ∈ [n, ω), Aℓ ∈ Pℓ} with the natural
order.
We shall not pursue (3), (4).
3.9 Fact. Let ℓ ∈ {1, 2}.
1) If p ≤Qℓ q then for some q we have p ≤
Qℓ
pr,n(q) q ≤
Qℓ
apr r.
2) If p¯ = 〈pi : i < α〉 is ≤
Qℓ
pr -increasing, α < θn(p0), then p¯ has a ≤
Qℓ
pr -upper bound.
3) If τ
˜
is a Qℓ-name of an ordinal, p ∈ Qℓ, then for some q and n we have:
(a) p ≤pr q
(b) if q ≤apr r and n(r) ≥ n, then r forces a value to τ
˜
.
1why don’t we ask (∀ℓ < np)(ηp
0
(ℓ) < ηp
1
(ℓ))? to be able to construct the perfect set, but, of
course, p Q2 “η
˜
0(ℓ) < η
˜
1(ℓ) for ℓ ∈ [n(p), ω)”
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4) In (3), if  “τ
˜
< ω or just < α∗ < θn(p)” then without loss of generalityn = n(p).
Proof. Easy.
3.10 Claim. 1) η
˜
is generic for Q1.
2) The pair (η
˜
0, η
˜
1), η
˜
1 is generic for Q2.
3.11 Claim. Forcing by Q2 preserve “E is a nice (see Definition 0.2(2)) equiva-
lence relation on
∏
n<ω
λn satisfying clause (d) of 3.1.
Proof. Assume toward contradiction that p∗ Q2 “ν
˜
0, ν
˜
1, ν
˜
2 ∈
∏
ℓ<ω
λℓ form a coun-
terexample that is: ν
˜
0Eν
˜
1 ∧ ν
˜
1Eν
˜
2 ∧ ¬ν0Eν
˜
1 or ¬ν
˜
0Eν
˜
0 or ν
˜
0Eν
˜
1 ∧ ¬ν
˜
1Eν
˜
0 or
ν
˜
0Eν
˜
1 ∧ (∃!n)(ν
˜
0(n) 6= ν
˜
1(n))”.
Choose χ large enough and N¯ = 〈Nn : n < ω〉, N such that:
⊛
χ
N¯
(i) Nn ≺L
λ
+
n ,λ
+
n
(H (χ),∈) and ‖Nn‖ = 2
λn and {p∗, E, ν
˜
0, ν
˜
1, ν
˜
2, N0, . . . , Nn−1}
belong to Nn
(ii) N =
⋃
n<ω
Nn so N ≺ (H (χ),∈).
Now we choose pn by induction on n < ω such that:
(∗)(i) p0 = p,
(ii) pn ∈ Nn, n(pn) ≥ n
(iii) pn ≤ pn+1
(iv) if τ
˜
∈ Nn is a Q2-name of an ordinal then for some kn(τ
˜
) > n+ 1 we have:
if pn+1 ≤ q and n(q) ≥ kn(τ
˜
n) then q forces a value to τ
˜
.
This is possible by 3.9(2),(3). Now let G = {q : q ∈ N ∩ Q2 and q ≤ pn (or
just pn  “q ∈ G
˜
”) for some n}, it is a subset of QN2 generic over N . (Why? If
N |= “I ⊆ Q2 is dense” then I ⊆ Q2 is dense and there is I
′ ⊆ I , a maximal
antichain of Q2 which belongs to N hence to some Nn; there is g ∈ Nn, a one to
one function from I ′ onto |I ′|, so it define a Q2-name τ
˜
, τ
˜
(G) = γ ⇔ (∀q)(q ∈
I ′ ∩G→ f(q) = γ)⇔ (∃q)(q ∈ I ′ ∩G & f(q) = γ), so kn(τ
˜
) < ω is well defined
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and so pkn(τ
˜
) forces a value to τ
˜
hence forces q ∈ G
˜
for some q ∈ I ′ ⊆ I , hence
q ∈ G so G ∩I 6= ∅ as required). Now by straightforward absoluteness argument,
ν
˜
0[G], ν
˜
1[G], ν
˜
2[G] ∈
∏
ℓ<ω
λℓ give contradiction to an assumption. 3.11
In fact
3.12 Observation. Assume
(a) λ∗ is strong limit of cofinality ℵ0, λ
∗ =
∑
n<ω
λ∗n, λ
∗
n < λ
∗
n+1
(b)
(i) Q is a forcing notion
(ii) ≤pr is included in ≤Q and
(iii) n : Q→ ω is such that, for each n the set In = {p ∈ Q : n(p) ≥ n} is
a dense subset of Q
(iv) for p ∈ Q, {q ∈ Q : p ≤pr q} is λ
∗
n(p)-complete and
(v) Q has pure decidability for Q-names of truth values
(vi) if p ∈ Q and τ
˜
is a Q-name of an ordinal, then there are m < ω and q
satisfying: p ≤pr q and q ≤ r ∧m ≤ n(r)⇒ (r forces a value to τ
˜
)
(c) N, 〈Nn : n < ω〉 as above, {Q,≤,≤pr} ∈ N0.
Then there is G ⊆ QN generic over N hence H (λ)N [G] = H (λ).
Proof. Should be clear.
3.13 Definition/Claim. Assume that F is a permutation of (
∏
ℓ<n(∗)
λℓ)×(
∏
ℓ<n(∗)
λℓ).
1) Let Q
≥n(∗)
2 = {p ∈ P2 : n(p) ≥ n(∗)} and let Fˆ be the following function
from Q
≥n(∗)
2 to Q
≥n(∗)
2
Fˆ (p) = q iff n(q) = n(p)
(ηq0 ↾ n(∗), η
q
1 ↾ n(∗)) = F ((η
p
0 ↾ n(∗), η
p
1 ↾ n(∗)))
ηq0 ↾ [n(∗), n(p)) = η
p
0 ↾ [n(∗), n(p))
ηq1 ↾ [n(∗), n(p)) = η
q
1 ↾ [n(∗), n(p))
A¯q = A¯p.
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2) For p ∈ Q
≥n(∗)
2 , Fˆ (p) is well defined ∈ Q
≥n(∗)
2 .
3) Fˆ is a permutation ofQ
≥n(∗)
2 preserving≤,≤pr,≤pr,n,≤apr (and their negations),
and F 7→ Fˆ is a group homomorphism.
4) If G ⊆ Q2 is generic over V then Fˆ(G) = {r ∈ Q2: for some q ∈ G ∩Q
≥n(∗)
2 we
have r ≤ Fˆ (q)} is a generic over V andV[Fˆ (G)] = V[G] and even N [Fˆ (G)] = N [G]
if say N ≺ (H (χ),∈),Q2 ∈ N,F ∈ N, λ ⊆ N .
Proof. Easy.
3.14 Claim.
Q2 “¬η
˜
0Eη
˜
1”.
Proof. If not, let p ∈ Q2 be such that p  “η
˜
0Eη
˜
1”. Now by clause (f) of Definition
3.2(1), we can find p1 such that:
(i) Q2 |= p ≤pr p1
(ii) if n(p) ≤ n < ω and β ∈ s1(A
p1
n ) then for some α, γ we have (α, β), (β, γ) ∈
s2(A
p
n).
Let G1 ⊆ Q2 be generic over V such that p1 ∈ G1 and let ηℓ = η
˜
ℓ[G1] so V[G1] |=
η0Eη1. By 3.11 in V[G1], E is still an equivalence relation satisfying clause (d)
of 3.1 and η1(n) ∈ s1(A
p1
n ). We can find α < λn(p) such that α
∗ < η1(n
∗) and
(α∗, η1(n
∗)) ∈ s2(A
p
n∗). Let us define η
′
0 ∈
∏
n<ω
λn by η
′
0(n) is α
∗ if n = n∗ and
η0(n) otherwise.
Now the pairs (η0 ↾ (n(∗)+1), η1 ↾ (n(∗)+1)) and (η
′
0 ↾ (n(∗))+1), η1 ↾ (n(∗)+1)) are
from (
∏
n≤n(∗)
λn)× (
∏
n≤n(∗)
λn), so there is a permutation F of this set interchanging
those two pairs and is the identity otherwise. Let G2 = Fˆ (G1). Now by 3.13
(∗)1 G2 is a generic subset of Q2 over V
(∗)2 V[G2] = V[G1]
(∗)3 η
˜
0[G2] = η
′
0, η
˜
1[G2] = η1.
By 3.11 we have
(∗)4 V[Gℓ] |= ¬η0Eη
′
0.
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As p ≤ p1 ∈ G1, by the choice of p clearly
(∗)5 V[G1] |= “η0Eη1”.
By the choice of p1 and (α, η1(n
∗)) clearly p ≤ Fˆ (p1) ∈ G2 so
(∗)6 V[G2] |= “η
˜
′
0[G2]Eη
˜
1[G2]” hence V[Gℓ] |= “η
′
0Eη1”.
Now (∗)4 + (∗)5 + (∗)6 contradict 3.11. 3.14
3.15 Claim. 1) Fix χ > λ large enough and choose Nn ≺Lλn,λn (H (χ),∈) such
that ‖Nn‖ = 2
λn , {E, pn : n < ω}, {Nℓ : ℓ < n} belongs to Nn, and let N =
⋃
n<ω
Nn;
(certainly can be done). Then we can find 〈ρν : ν ∈
∏
ℓ<n
µℓ, n < ω〉 and N, 〈Nn :
n < ω〉
(α) ρν ∈
∏
ℓ<ℓg(ν)
λℓ
(β) ν1 ⊳ ν2 ⇒ ρν1 ⊳ ρν2
(γ) if ν1, ν2 ∈
∏
ℓ<n
λℓ and m ≤ k < n and ν2(m) < ν2(m) then ην1(k) < ην2(m)
(δ) if ν ∈
∏
i<ω
λℓ then ρν =:
⋃
n<ω
ρν↾n is generic for (N,Q1)
(ε) if ν0, ν1 ∈
∏
ℓ<ω
λℓ, ν0 <lex ν1 then (ρν0 , ρν1) is generic for (N,Q2) hence
(ζ) if ν0 6= ν1 ∈
∏
ℓ<ω
λℓ then ¬ην0Eην1 .
2) Moreover, for some p ∈ Q2, n(p) = 0 and non-principal ultrafitler D on ω we
have
(∗) if η, ν ∈
∏
n<ω
s1(A
p
n) and η/D 6= ν/D then ¬ηEν.
Proof. Let M0 ≺Lℵ1,ℵ1 N0, ‖M0‖ = 2
ℵ0 , let N =
⋃
n<ω
Nn.
As above we choose pn by induction on n such that:
(i) pn ∈ Qn
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(ii) pn ∈ Nn
(iii) n(p0) = 0
(iv) pn ≤pr pn+1
(v) for every Q2-name of an ordinal τ
˜
∈ Nn, for some kn(τ
˜
) ∈ [n, ω) we have:
if Q2 |= “pn+1 ≤ q” and n(q) ≥ kn(τ
˜
) then q forces a value to τ
˜
(vi) if τ
˜
∈M0 is a Q2-name of a natural number then p0 forces a value to it.
We can find pω ∈ Q2 such that n < ω ⇒ pn ≤pr pω and we can find p
∗ such that
pω ≤ p
∗ and (∀n)(∀β)(∃α, γ)[β ∈ s1(A
p∗
n ) → (α, β), (β, γ) ∈ s2(A
pω
n )] and we shall
show that p∗ is as required. Now clearly
⊠ if η0, η1 ∈
∏
n<ω
λn and (∀ℓ < 2)(∀n < ω)(ηℓ(n) ∈ s1(A
p∗
n ) and for every
n < ω large enough (η0(n), η1(n)) ∈ s2(A
p∗
n ) then
(a) for some subset G ofQN2 generic overN we have η
˜
0[G] = η0, η
˜
1[G] = η1
(b) ¬η0Eη1
[why? by 3.13.]
This suffices for part (1): by clause (b) of Definition 3.2(1), we can find Yn ⊆ λn
of cardinality µ+n (really otp(Yn) = µn × µn−1 × . . . × µ0 is enough) such that
for any α < β from Y, (α, β) ∈ s2(A
p
n). Now we can choose by induction on
n, 〈ρν : ν ∈
∏
ℓ<n
µℓ〉 as required in (α), (β), (γ) of 3.15(1), they are as required.
For B ⊆ ω let η
˜
B be the following Q2-name:
ηB(n) is η
˜
0(n) if n ∈ B and is η
˜
1(n) if n ∈ ω\B.
Clearly η
˜
B is a Q2-name of a member of
ωλ and η
˜
B ∈M0 hence for B1, B2 ⊆ ω the
following Q2-name of a truth value, Truth Value(η
˜
B1Eη
˜
B2), is decided by p0, say
it is t(B1, B2).
Define a two place relation E′ on P(ω) : B2E
′B2 iff t(B1, B2) = truth.
Let J = {B ⊆ ω : t(∅, B) = truth}.
Clearly
(∗)0 E
′ is an equivalence relation on P(ω)
(∗)1 ω /∈ J , even [n, ω) /∈ J .
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Let α1n < α
2
n < α
3
n < α
4
n be from Yn for n < ω and for h ∈
ω{1, 2, 3, 4} let
νh ∈
∏
n<ω
λn be νh(n) = α
h(n)
n . Easily
(∗)2 ifB1, B2, B3, B4 ⊆ ω and B1\B2 = B3\B4, B2\B1 = B4\B3 then t(B1, B2) =
t(B3, B4) that is B1E
′B2 ≡ B3EB
′
4
(∗)3 if B1, B2, B3, B4 ⊆ ω and B2△B2 = B3△B4 then B1E
′B2 ≡ B3E
′B1
[why? this is the meaning of (∗)2]
(∗)4 for B1, B2 ⊆ ω,B1E
′B2 iff B1△B2 ∈ J
[why? use (∗)2 with B1, B2, B1△B2, ∅ here standing for B1, B2, B3 by there]
(∗)5 B1 ⊆ B2 ∈ J ⇒ B2 ∈ J
[why? we can find A1, A− 2, A3 ⊆ ω such that (A1△A2) = B2 = (A2△A3)
andB1 = A1△A3 by the if part of (∗)4 we have t(A1, A2) = truth, t(A2, A3) =
truth, by the definition of t we have t(A1, A3) = truth, hence by (∗)4 the
only if part we have B1 = A1△A3 ∈ J as required]
(∗)6 J is an ideal
[why? by (∗)5 it is enough to show that for disjoint B1, B2 ∈ J also B =
B1 ∪B2 ∈ J . Now we have B△B1 = B2 hence by (∗)4 we have BE
′B1 and
B1△∅ = B1 ∈ J hence B1E
′∅ hence BE′∅; but by (∗)4 this implies B ∈ J
as required.]
So by (∗)6 there is an ultrafilter D on ω disjoint to J , and by (∗)1 it is non-principal,
so we have proved also part (2). 3.15 3.1
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§4 The countable cofinality case: negative results
4.1 Claim. Assume
(a) λ > cf(λ) = ℵ0
(b) (∀α < λ)[|α|ℵ0 < λ]
(c) there is an algebra B with universe λ, no infinite free subset and with < λ
functions.
Then there is E such that
(α) E is an equivalence relation on ωλ
(β) E is very nice (see Definition 0.2)
(γ) if η, ν ∈ ωλ and η =∗ ν (i.e. (∃<ℵ0n)(η(n) 6= ν(n)) then ηEν ⇔ η = ν
(δ) E has λ equivalence classes.
4.2 Remark. 1) We can replace ωλ by the set of increasing ω-sequences or by
∏
n<ω
λn
when λn < λn+1 < λ =
∑
m<ω
λm or by {A ⊆ λ : (∀n)(∃!α)(α ∈ A &
∑
ℓ<n
λℓ ≤ α <
λn).
2) We can omit clause (b) if we weaken clause (γ). We can imitate 3.3, 3.4, 3.5.
Proof. Without loss of generality B has ℵ0 function and the individual constants
{α : α < λ0} where λ0 < λ.
We define E0 on
ωλ by
ηE0ν iff : if n < ω, σ(x1, . . . , xn−1) a B-term, and
k, k1, . . . , kn < ω then
η(k) = σ(η(k1), η(k2), . . . , η(kn))⇔ ν(k) = σ(ν(k1), ν(k2), . . . , ν(kn)).
So E0 is an equivalence relation with ≤ λ
ℵ0
0 < λ equivalence classes. For η ∈
ωλ let
A(η) = {k : for some k∗ < ω there are no n < ω, k1, . . . , kn ∈ [k
∗, ω) and B-term
σ(x1, . . . , xn) such that η(k) = σ(η(k1), . . . , η(kn))}.
Lastly, we define E1 by
ηE1ν iff ηE0ν & η ↾ A(η) = ν ↾ A(ν).
The rest is as in §3. 4.1
ON NICE EQUIVALENCE RELATIONS ON λ2 25
4.3 Claim. 1) In 4.1 we can demand
(δ) for each η ∈ ωλ, η/Jbdω is a set of representatives of E.
2) We can weaken in 4.1 assumption (b) to
(b)′ (ℵ0 + |τ(B)|)
ℵ0 < λ.
3) If in 4.1 we change clause (γ) in the conclusion to (γ)− below, we can omit
clause (b) of the assumption
(γ)− for every equivalence class X of E for every η ∈ ωλ and for some α, ηn,α ∈
X where ηα,n ∈
ωλ is: ηα,n(ℓ) = α if ℓ = n and ηα,n(ℓ) = η(ℓ) otherwise.
Proof. 1) We imitate 3.3 only letting Ξη =
{
{〈k, k1, . . . , kn, σ〉 : ν(k) = σ(k1, . . . , kn)} :
ν ∈ ωλ, ν/Jbdω = η/J
bd
ω
}
.
2) The same proof.
3) For η ∈ ωλ let n(η) < ω be the minimal n ∈ [n(η), ω)⇒ cℓB{η(ℓ) : ℓ ∈ [n, ω)} =
cℓB{η(ℓ) : ℓ ∈ [n(η), ω)}. Let K be an additive group with universe λ,K1 a sub-
group, |K1| = λ, (K : K1) = λ and ηEν iff
∑
n<n(η)
η(n) =
∑
n<n(ν)
ν(η) mod K1.
4.3
Question: What about having σ ∈ (λ, 2λ) equivalence classes?
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§5 On rp(Ext(G,Z)
5.1 Definition. For an abelian group G and prime p let rp(G) be the rank of
G/pG as a vector space over Z/pZ.
Instead using a definition of the abelian group Ext(G,Z), for G torsion free
abelian group we quote (see [Fu]).
5.2 Claim. For a torsion free abelian group G and prime p, rp(Ext(g,Z)) is the
rank of Hom(G,Z/pZ)/(Hom(G,Z)/pZ) where Hom(G,Z/pZ) is the abelian group
of homomorphisms from G to Z/pZ, Hom(Z, G)/pZ is the abelian group of homo-
morphism h from G to Z/pZ such that for some homomorphism g from G to Z we
have x ∈ G⇒ g(x)/Z ∈ h(x).
More generally (see [Sh 664])
5.3 Definition. 1) We say Y = (A¯, K¯, G¯, D¯, g¯∗) is a λ-system if
(A) A¯ = 〈Ai : i ≤ λ〉 is an increasing sequence of sets, A = Aλ = ∪{Ai : i < λ}
(B) K¯ = 〈Kt : t ∈ A〉 is a sequence of finite groups
(C) G¯ = 〈Gi : i ≤ λ〉 is a sequence of groups, Gi ⊆
∏
t∈Ai
Kt, each Gi is closed
and i < j ≤ λ⇒ Gi = {g ↾ Ai : g ∈ Gj} and
Gλ = {g ∈
∏
t∈Aλ
Kt : (∀i < λ)(g ↾ Ai ∈ Gi)}
(D) D¯ = 〈Dδ : δ ≤ λ (a limit ordinal)〉, Dδ an ultrafilter on δ such that α < δ ⇒
[α, δ) ∈ Dδ
(E) g¯∗ = 〈g∗i : i < λ〉, g
∗
i ∈ Gλ and g
∗
i ↾ Ai = eGi = 〈eKt : t ∈ Ai〉.
Of course, formally we should write AYi , K
Y
t , G
Y
δ , D
Y
δ , g
Y
i , eta., if clear from the
context we shall not write this.
2) Let Y − be the same omitting Dλ and we call it a lean λ-system.
We can deduce Sageev Shelah [SgSh 148] result (if |G| = λ is weakly compact
(> ℵ0) and p is prime, then rp(Ext(G,Z)) ≥ λ ⇒ rp(Ext(G,Z)) = 2
λ). For this
note
5.4 Claim. 1) Assume
(a) Y is a λ-system
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(b) H¯ = 〈Hi : i < λ〉 is a sequence of groups, π¯ = 〈πi,j : i < j < λ〉,
πi,j ∈ Hom(Hj , Hi), commuting
(c) h¯ = 〈hi : i < λ〉, hi ∈ Hom(Hi, G
Y
i ), and i < j < λ & x ∈ Hj ⇒ (hj(x)) ↾
Ai = hi(πi,j(x))
(d) Hλ, πi,λ (i < λ) form the inverse limit of 〈Hi, πi,j : i < j < λ〉, and h = hλ
the inverse limit of 〈hi : i < λ〉
(e) Eh is the following 2-place relation on Gλ : f1Ef2 ⇔ f1f
−1
2 ∈ Rang(h).
Then
(α) h ∈ Hom(Hλ, Gλ)
(β) if (∀i < λ)(|Ai| ≤ λ & |Hi| ≤ λ), then Eh is a Σ
1
1[λ]-equivalence relation
(γ) if (∀i < λ)(|Ai| < λ & |Hi| < λ) and λ is weakly compact uncountable, then
the 2-place relation E = Eh on Gλ defined by f1Ef2 ⇔ f1f
−1
2 ∈ Rang(h)
is very nice
(δ) under (γ)’s assumptions, if (G : Rang(h)) ≥ λ then (G : Rang(h)) = 2λ.
2) If for ε < ε(∗) ≤ λ we have 〈Hεi : i < λ〉, 〈π
ε
i,j : i < j < λ〉, 〈h
ε
i : i ≤ λ〉 as
above, and for every α < λ there are fαi ∈ Gλ (for i < α) such that ¬(f
α
i Ehελf
α
j )
for i < j < α, then there are fi ∈ G for i < 2
λ such that i < j < 2λ & ε < ε∗ ⇒
¬(fiEhεfj).
Proof. Straight. (The main point is in clause (γ) of 5.4(1), the point is that if
f ∈ Gλ\ Rang(hλ) then for some i < λ we have πi,λ(f) ∈ Gi\ Rang(hi) by the tree
property of λ). 5.4
5.5 Claim. Assume
(A)(a) λ is a strong limit cardinal and θ is a compact cardinal < λ
(b) Ki is a group for i < λ
(c) I is a directed partial order, t ∈ I ⇒ A(t) ⊆ λ and
⋃
t∈I
A(t) = λ
(d) for t ∈ I, Gt is a subgroup of
∏
i∈u
{Ki : i ∈ A(t)}
(e) for s ≤ t from I we have A(s) ⊆ A(t) and f ∈ Gt ⇒ f ↾ A(s) ∈ Gs
(f) G∞ is the inverse limit
(B)(a) ε(∗) ≤ λ
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(b) for ε < ε(∗), 〈Hεu, π
ε
u,w : u ≤ w from I〉 is an inversely directed system of
groups
(c) hεu ∈ Hom(H
ε
u, Gu) for u ∈ I, ε < ε(∗)
(d) Hε∞, h
ε, hε∞,u are the limit of the inverse system
(e) Eε is the equivalence relation on G∞ : fEεg ⇔ fg
−1 ∈ Rang(hε∞)
(C) for every µ < λ we can find 〈fµα : α < µ〉 from G∞ such that
ε < µ ∩ ε(∗) & α < β ⇒ ¬(fµαEεf
µ
β )
(D) θ is > sup
i<λ
|Ki|+ sup
t∈I
|A(t)| and also supt∈I,ε<ε(∗) |H
ε
t |.
Then there are fα ∈ G for α < 2
λ such that ε < ε(∗) & α < β = 2λ ⇒ ¬(fαEεfβ).
Proof. Let κ = cf(λ), 〈λi : i < κ〉 be increasing with limit λ. We can choose by
induction on i < κ, Ii, Ai such that
(α) Ai ⊆ λ, |Ai| < λ, j < i⇒ Aj ⊆ Ai, λi ⊆ Ai
(β) Ii ⊆ I is directed, |Ii| < λ, j < i⇒ Ij ⊆ Ii and t ∈ Ii ⇒ A(t) ⊆ Ai
(γ) if we restrict ourselves to Ai, Ii, there is 〈f
i
α : α < µi〉, such that f
i
α ∈
GIi∞ = LimIi〈Gu, fu,w : u ≤ w from Ii〉 and ε < µi ∩ ε(∗) & α < µi ⇒
¬(f iαE
Iif iβ).
Now we can apply [Sh 664, §3]. 5.5
5.6 Claim. Assume
(a) λ > cf(λ) = κ, and κ is a measurable cardinal, say D a normal ultrafilter
on κ
(b) G is a torsion free abelian group
(c) |G| = λ
(d) p is a prime number.
1) If rp(Ext(G,Z)) ≥ λ and λ = λ
<κ then rp(Ext(G,Z)) ≥ λ
κ.
2) Let λ =
∑
i<κ
λi; then rp(Ext(G,Z)) is
∏
i<κ
µi/D for some µi ≤ 2
λi .
Proof. 1) Let 〈Gi : i < κ〉 be an increasing sequence of pure subgroups of G with
union G satisfying i < κ⇒ |Gi| < λ. Now
(∗) if g ∈ Hom(G,Z/pZ) and i < κ ⇒ g ↾ Gi ∈ Hom(G,Z)/pZ then g ∈
Hom(G,Z)/pZ.
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Why? Let g ↾ Gi = hi/pZ where hi ∈ Hom(G,Z) and let h a function
from G to Z be defined as h(x) = n ⇔ {i < κ : hi(x) = n} ∈ D. Clearly
h ∈ Hom(G,Z) and g = h/pZ, as required.]
The rest should be clear.
2) As in part (1), letting µi = rp(Ext(Gi,Z)). 5.6
5.7 Conclusion. If λ is a strong limit and above a compact cardinal and G is a tor-
sion free abelian group and p is a prime then rp(Ext(G,Z)) ≥ λ⇒ rp(Ext(G,Z)) =
2λ.
Proof. By 5.6.
5.8 Remark. So for λ strong limit singular the problem of the existence of G such
that |G| = λ, rp(Ext(G,Z)) = λ is not similar to the problem of the existence of M
such that ‖M‖ = λ, nu(M) = λ.
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